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Abstract
We prove that for any Hausdorff topological vector space E over the field R there exists A⊂ E
such that E is homeomorphic to a subset of A× R and A× R is homeomorphic to a subset of E.
Using this fact we prove that E is monotonically normal if and only if E is stratifiable.
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1. Introduction
The class of stratifiable topological spaces was introduced by Borges [1] in order to
extend Dugundji’s extension theorem [4] (for further modifications of this theorem see
[2]). Everywhere below ω is the first infinite ordinal= the set of non-negative integers. Let
X be a topological space, τ = τ (X) be the set of open subsets of X and γ = γ (X) be the
set of closed subsets of X. A space X is called stratifiable if it is regular and Hausdorff
[5] and there exists a mapping U :γ × ω→ τ such that F ⊆ U(n+ 1,F )⊆ U(n,F ) for
any (n,F ) ∈ ω × γ , ⋂∞n=1 U(n,F ) = F for any F ∈ γ and U(n,F ) ⊆ U(n,G) for any
n ∈ ω and any F,G ∈ γ such that F ⊆ G. Some necessary and sufficient conditions for
stratifiability are presented in [8,9]. The class of stratifiable spaces appears to be one of
the chain of classes of spaces having the so-called near-metric properties. One of the most
interesting near-metric properties is monotone normality. A Hausdorff topological space
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X is said to be monotonically normal if there exists a mapping V :G = {(F,U) | F ∈
γ, U ∈ τ and F ⊆ U} → τ such that F ⊆ V (F,U) ⊆ V (F,U) ⊆ U for all (F,U) ∈ G
and V (F1,U1)⊆ V (F2,U2) for any (F1,U1) ∈G and (F2,U2) ∈G such that F1 ⊆ F2 and
U1 ⊆U2. It is well-known [8] that
any metrizable space is stratifiable; (1)
stratifiable spaces are monotonically normal; (2)
a countable product of stratifiable spaces is stratifiable; (3)
a subspace of a stratifiable space is stratifiable; (4)
a subspace of a monotonically normal space is monotonically normal; (5)
a space X is stratifiable if and only if X× (ω+ 1) is monotonically normal. (6)
Note also that there exist monotonically normal non-stratifiable spaces. Moreover, linearly
ordered spaces are monotonically normal [8] and there exist linearly ordered non-
stratifiable topological fields [10].
Monotonic normality and stratifiability of topological vector spaces (in this paper we
consider only topological vector spaces with the dimension  1 over the field R of real
numbers) were studied in [12,6,7,10,11]. Namely, Yaschenko [12] and independently
Gartside [6] proved that a locally convex topological vector with weak topology is
stratifiable if and only if it is metrizable. Reznichenko and Gartside [7] proved that for
any Polish space X the space C(X) of continuous functions with compact-open topology
is stratifiable. In [10] we proved that (1) strict locally convex inductive limits of metrizable
locally convex topological vector spaces are stratifiable, (2) free locally convex sums of
stratifiable locally convex topological vector spaces are stratifiable, (3) locally convex
topological vector spaces whose bounded subsets are metrizable and which are strong
duals of Fréchet spaces are stratifiable, (4) any locally convex topological vector space
is a quotient of a complete stratifiable locally convex topological vector space. Sipacheva
proved [13] (the result was announced in [11]) that free locally convex topological vector
spaces over stratifiable spaces are stratifiable.
From (1)–(6) it easily follows that any monotonically normal locally convex topological
vector space E is stratifiable. Indeed, the Hahn–Banach theorem implies the existence
of a closed hyperplane F in E. Then E is homeomorphic to F × R. According to (5)
F × (ω + 1) is monotonically normal. (6) implies that F is stratifiable. According to (1)
and (3) E = F × R is stratifiable. The same argument works for any topological vector
space having at least one closed hyperplane (or equivalently, having a non-zero linear
continuous functional). Note also that separable monotonically normal topological groups
are stratifiable [10]. This results nevertheless do not give an answer to the question (posed
in [10]) whether any monotonically normal topological vector space is stratifiable.1 In the
present paper we give a positive answer to this question:
Theorem 1. Let E be a monotonically normal topological vector space. Then E is
stratifiable.
1 There exist non-separable topological vector spaces having no non-zero continuous linear functionals.
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The main auxiliary result isProposition 1. Let E be a Hausdorff topological vector space. Then there exists A ⊂ E
such that E is homeomorphic to a subspace of A× R and A× R is homeomorphic to a
subspace of E.
2. Proofs
2.1. Reduction of Theorem 1 to Proposition 1
This reduction is similar to the above argument concerning locally convex spaces.
According to Proposition 1 there exists A⊂E such that E is homeomorphic to a subspace
of A × R and A × R is homeomorphic to a subspace of E. Since A × (ω + 1) is
homeomorphic to a subspace of A × R, which is homeomorphic to a subspace of the
monotonically normal space E, (5) implies that A × (ω + 1) is monotonically normal.
According to (6) A is stratifiable. (1) and (3) imply that A× R is stratifiable. Since E is
homeomorphic to a subspace of A×R, it remains to apply (4).
2.2. Proof of Proposition 1
Recall that a function p :E → R is called a quasinorm if p(x)  0 for any x ∈ E,
p(x + y) p(x)+p(y) for any x, y ∈E, p(0)= 0 and p(tx) p(x) if x ∈E and t ∈R,
|t| 1.
Lemma 1. For any neighborhood of zero U in E there exists a continuous quasinorm p
on E such that p(x) 1 for any x ∈E \U .
Proof. This lemma can be found, e.g., in [3]. ✷
Lemma 2. Any non-empty open set U ⊂ E contains an open subset V , which is
homeomorphic to E.
Proof. Without loss of generality 0 ∈ U . According to Lemma 1 there exists a continuous
quasinorm p on E such that p(x)  1 if x = U . Let V = {x ∈ E: p(x) < 1/2} and
ϕ :V → E, ϕ(x) = x/(1 − 2p(x)). Clearly V is an open subset of U and the map ϕ is
continuous. It remains to prove that ϕ :V →E is a homeomorphism.
For any x ∈E, let hx : [0,+∞)→R, hx(t)= t − 1+ 2p(tx). Since p(·x) is increasing
and continuous we see that hx is a continuous strictly increasing function and∣∣hx(t)− hx(s)∣∣ |t − s| for any t, s ∈ [0,+∞). (7)
Since hx(0)=−1 < 0 and hx(1)= 2p(x) 0, there exists a unique solution α(x) of the
equation hx(t)= 0 and α(x) ∈ (0,1] for any x ∈E. Let ψ :E→E, ψ(x)= α(x)x . Then
for any x ∈E, p(ψ(x))= p(α(x)x)= (1− α(x))/2 < 1/2. Hence ψ(E)⊂ V . Moreover
ϕ
(
ψ(x)
)= α(x)x
1− 2p(α(x)x) =
α(x)x
α(x)
= x for any x ∈E. (8)
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Hence ψ :E → V is a right inverse of ϕ. Let us verify injectivity of ϕ. Let x and y
be different elements of V . If x = 0 (respectively y = 0) then ϕ(x) = 0 (respectively
ϕ(y) = 0) and ϕ(y) = 0 (respectively ϕ(x) = 0). Hence ϕ(x) = ϕ(y). Therefore we
can assume that x = 0 and y = 0. If x and y are linearly independent then ϕ(x) and
ϕ(y) are also linearly independent and therefore ϕ(x) = ϕ(y). If x and y are linearly
dependent and 0 belongs to the interval (x, y) then 0 belongs to (ϕ(x),ϕ(y)) and therefore
ϕ(x) = ϕ(y). It remains to consider the case x = ty with t > 0, t = 1. Without loss of
generality t > 1. Then p(x)  p(y). Since y belongs to the interval (0, x) wee have that
ϕ(y)= y/(1 − 2p(y)) belongs to the interval (0, x/(1− 2p(y))), which is a subinterval
of (0, x/(1− 2p(x)))= (0, ϕ(x)). Hence, x = y . Thus, ϕ is injective. Since ψ is a right
inverse of ϕ, we have that ϕ is bijective and ψ is the inverse of ϕ. It remains to prove
continuity of ψ . For this goal it suffices to verify continuity of α :E→ R. Let x, y ∈ E.
Then
0= hy
(
α(y)
)= α(y)− 1+ 2p(α(y)x)+ 2(p(α(y)y)− p(α(y)x))
= hx
(
α(y)
)+ 2(p(α(y)y)− p(α(y)x))
= hx
(
α(y)
)− hx(α(x))+ 2(p(α(y)y)− p(α(y)x)).
Formula (7) and the obvious inequality p(tz) (|t| + 1)p(z) imply that
0
∣∣α(x)− α(y)∣∣− 2(α(y)+ 1)p(x − y) ∣∣α(x)− α(y)∣∣− 4p(x − y).
Thus, |α(x)− α(y)| 4p(x − y) for any x, y ∈E and continuity of p implies continuity
of α. ✷
Lemma 3. Let E be a Hausdorff topological vector space. Then there exists a non-zero
continuous quasinorm p on E such that for any x ∈ E the function gx : [0,+∞)→ R,
gx(t)= p(tx) is either identically zero or is strictly increasing.
Proof. According to Lemma 1 there exists a non-zero continuous quasinorm q on E. Let
p :E→R, p(x)=
1∫
0
q(tx)dt .
We shall verify that p satisfies all desired conditions. Clearly p is non-zero. For any
x, y ∈E we have
∣∣p(x)− p(y)∣∣
1∫
0
∣∣q(tx)− q(ty)∣∣dt 
1∫
0
q
(
t (x − y))dt

1∫
0
(t + 1)q(x − y)dt = 1.5q(x− y).
Hence, continuity of q implies continuity of p. Axioms of quasinorm for p can be easily
verified. Let x ∈ E. If p(x) = 0 then the function gx(t) = p(tx) is identically zero. It
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remains to show that gx strictly increases if p(x) = 0. Axioms of quasinorm and the
definition of p imply that q(tx) > 0 for any t > 0 and that the function t → q(tx) increases
(maybe non-strictly). Let 0 < s < t . Then
gx(t)− gx(s)=
1∫
0
(
q(rtx)− q(rsx))dr
= 1
t
t∫
0
q(rx)dr − 1
s
s∫
0
q(rx)dr = I1 − I2,
where
I1 = 1
t
t∫
s
q(rx)dr, I2 =
(
1
s
− 1
t
) s∫
0
q(rx)dr.
Since the function v → q(vx) is (maybe non-strictly) increasing and q(0x)= 0 < q(sx),
we have that I1  (1 − s/t)q(sx) and I2 < (1 − s/t)q(sx). Therefore I1 > I2 and
gx(t)− gx(s)= I1 − I2 > 0. Thus, gx strictly increases. ✷
Now we can prove Proposition 1. According to Lemma 3 there exists a continuous
quasinorm p on E such that sup{p(x): x ∈ E} > 1 and for any x ∈ E the function
gx : [0,+∞)→ R, gx(t) = p(tx) is either identically zero or is strictly increasing. Let
A = {x ∈ E: p(x) = 1}, W = {x ∈ E: p(x) > 1} and f :R × A→ W be the function
defined by the formula
f (t, x)= (1+ et)x.
Properties of p imply that f is a continuous bijection. Let us prove that f is a
homeomorphism. Since functions gx are continuous and strictly increasing, for any x ∈W ,
there exists a unique α(x) ∈ (0,1) such that p(α(x)x) = 1. One can easily verify that
the inverse of f acts according to the formula f−1(x) = (ln 1−α(x)
α(x)
, α(x)x). Therefore
continuity of f−1 will be proved if we verify continuity of α. Let x0 ∈ W and 0 <
a < α(x0) < b. Since gx is strictly increasing we have that p(ax0) < 1 and p(bx0) > 1.
Therefore there exists a neighborhood V0 of x0 in W such that p(ay) < 1 and p(by) > 1
for any y ∈ V0. Hence α(y) ∈ (a, b) for any y ∈ V0 and continuity of α is proved. Thus,
f :A×R→W is a homeomorphism and therefore A×R is homeomorphic to a subspace
of E. On the other hand Lemma 2 implies that E is homeomorphic to a subspace of W ,
which is homeomorphic to A×R. Proposition is proved.
3. Remarks
(1) Lemma 3 is needed because conventional constructions of quasinorms do not provide
strict increasing of functions t → p(tx).
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(2) It would be nice to obtain a reasonable generalization of Theorem 1 to topological
groups. In particular, we do not know an answer to the following question. Is it true that
any monotonically normal topological groups having non-trivial converging sequences
is stratifiable?
(3) Topological groups in the above question cannot be replaced by homogeneous spaces.
The so-called long line is an example of a homogeneous non-stratifiable monotonically
normal space locally homeomorphic to R.
(4) It remains unclear whether any Hausdorff topological vector E is homeomorphic to
A×R for some A⊂E. Proposition 1 provides a weaker property.
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